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Numerical simulations are presented of steady-state hypersonic blunt-body nitrogen flow for conditions under

which there is considerable thermal dissociation. The internal energy relaxation processes of vibrational energy

transfer and dissociationwere treated using state-to-state kinetics of diatomic nitrogen. To gain understanding of the

role of vibrational–translational rates on dissociation, the vibrational–translational rates were implemented in a

ladder-climbing model, and the effect of vibrational bias on dissociation was investigated. For temperatures up to

25,000 K, a simplified depletion model with two different sets of vibrational–translational rates established the

sensitivity of depletion to the relativemagnitude of vibrational–translational anddissociation rates for dissociation in

nitrogen. State-specific vibrational–translational and dissociation rates were incorporated into a solution of the

master kinetic equations and coupled to the fluid dynamic equations to describe the thermochemical nonequilibrium

phenomenon in high-temperature hypersonic flowfields. The flowfield consists of a Mach 19.83 nitrogen flow past a

hemisphere cylinder with a radius of 0.1524 m. The full state-specific dissociation model, consisting of 48 quantum

levels in the vibrational manifold, was coupled to the fluid dynamic equations. For temperatures in the shock layer

ranging from 9000 to 21,000 K, the dissociation primarily takes place from the lower energy levels.

Nomenclature

D = dissociation energy
e = total energy per unit mass
�v = quantum level energy
k = Boltzmann constant
kvD = state-specific dissociation rate coefficient

�kvD = state-specific recombination rate coefficient
M = Mach number
M = molecular weight, kg=mole
N = number density
Ntot = total molecular number density
n0 = total number of vibrational quantum levels
p = pressure, N=m2

R = gas constant
T = equilibrium transrotational temperature
Tv = first-level (1,0) vibrational temperature
u = velocity vector
v, v0 = vibrational quantum numbers
� = total mass density
�v = state density in vibrational quantum level v

I. Introduction

H IGH-VELOCITY flows in flight vehicles create many
situations where rapid changes occur in flow variables, such

as density, specific energy, and temperatures. The relatively long
equilibration time of the internal energy modes compared with the
characteristic flow time causes nonequilibrium in the rotational,
electronic, and chemical energy modes. The present study is about
the chemical energymodes, specifically themodeling of dissociation
of nitrogen in high speed flow past a blunt body. It is well known that
at high temperatures, the reaction paths and the reaction rates have
many uncertainties, even for air chemistry. Although extensive shock
tube data exist, they exhibit considerable scatter and disagreements.
Studies have shown that even a practical quantity like the shock
standoff distance can vary as much as 18%, due to the uncertainty in
vibration–dissociation relaxation rates [1]. More recently in a study
with chemical reaction rates [2], thewall heatflux variation predicted
by using different state-to-state kinetic models was in the range of
12–16% and between different one temperature models as high as
11%. The present study is an attempt to address some of the
uncertainties in the underlying energy-transfer mechanisms in the
full state-to-statemodeling of dissociation in a hypersonicflowpast a
blunt body for conditions encountered in a reentry flow.

It has long been recognized that to study chemical kinetics in the
thermal nonequilibrium state, it is necessary to consistently examine
the vibrational relaxation process in a reacting gas. The state-to-state
kinetic models of vibrational relaxation give the desired mass
concentrations and mean vibrational energy of molecules as a
function of time for chemically reacting gas. The primary assumption
of thesemodels is that the characteristic time of vibrational relaxation
is much greater than the translational and rotational relaxation, but is
comparable with the characteristic time of chemical reaction. In the
upper levels of the vibrational manifold, the vibrational–translational
(V-T) processes dominate the energy transfer. The reactive process of
dissociation has an activation energy typically over an order of
magnitude greater than the energy associated with the V-Texchange.
The nonreactive and reactive processes have contrasting effects on
the state of nonequilibrium. Nonreactive kinetic processes tend to
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bring about an equilibrium distribution in the vibrational manifold,
whereas the dissociation process perturbs it [3]. Figure 1 shows a
schematic of various energy-transfer mechanisms used to describe
thermochemical nonequilibrium.

The semiclassical approach to diatom–diatom and atom–diatom
collision problem gives a fast and reliable calculation of a large
number of rate constants if the potential energy surface is provided.
Using this calculation approach, Billing [4–6] advanced the theory to
calculate the state-to-state rates of single quantum vibrational–
vibrational (V-V) and V-T transfers for nitrogen collisions. Capitelli
et al. [7] and Billing and Fisher [8] considered single quantum
transitions and empirically determined the V-T rates from semi-
classical calculations verified by experiments. The forced harmonic
oscillator (FHO) theory, an approximation of Billing’s [4–6]method,
was adopted byMacheret andAdamovich [9] for developing a theory
of dissociation of diatomic molecules based on the anharmonicity-
corrected and energy-symmetrized FHO quantum scaling [10] in
conjunction with free-rotation or impulsive energy-transfer models.
The model predicts state-specific dissociation rates for N2–N2

collisions by accounting for molecular rotation and three-
dimensional collisions and is computationally tractable without
any adjustable parameters. More recently, a first-principles approach
was attempted [11] for the N–N2 collisions for calculating state-to-
state dissociation rate constants with the ultimate goal of assessing
heating rates on hypersonic vehicles.

Other recent studies address some of the deficiencies in the current
semi-empirical approaches and suggest improvements. For example,
da Silva et al. [12] constructed a database of kinetic rates for nitrogen
for high-temperature (up to 100,000 K) nonequilibrium dissociation
processes for use in flowfield simulations of vehicles at atmospheric
entries. This modification to the FHO model consists of energies of
59 bound vibrational levels of the nitrogen molecule, an increase
from the earlier work (see, for example, [9]) of 48 vibrational
quantum levels for dissociation. The increase was determined
through the reconstruction of the ground-state potential curve
according to the Rydberg–Klein–Rees method, relying on the latest
spectroscopic data. The work of Shui et al. [13] demonstrates the
contribution of the N2A

3
P

metastable electronic state, which were
used in modeling of the nonequilibrium distributions in hypersonic
flows past solid bodies byArmenise et al. [14] and in a nozzleflowby
Colonna and Capitelli [15]. A reduced-order nitrogen dissociation
model from state kinetic rates was presented by Colonna et al. [16].
Attempts at applying the kinetic rates are presented by Armenise
et al. [17], who used the quasi-classical molecular dynamic calcu-
lations of vibrationally and rotationally state selected dissociation
cross sections for nitrogen atom–molecule collisions and used them
to evaluate dissociation-recombination kinetics in hypersonic
boundary-layer flows. Recently, the quasi-classical trajectory
calculations by Esposito and Capitelli [18] reported complete set

of V-T rates in the temperature range of 500–4000 K for the
N2�v� � N! N2�v0� � N. The work by Armenise et al. [19,20]
modeled the kinetic processes and heterogeneous surface processes
in the boundary layer of reentry vehicles and demonstrated the highly
nonequilibrium vibrational distributions and the non-Arrhenius
behavior of dissociation constants.Armenise et al. [19] demonstrated
the recombination assisted dissociation process resulting in non-
Arrhenius behavior of the dissociation constant affecting the surface
heat transfer.However, for the present study of a shockwaveflow, the
effect of recombination is expected to be small, and as a first step in
the numerical modeling of the state-to-state process of the disso-
ciation process, the recombination process is neglected.

The kinetics of thermal dissociation has long been a topic of
theoretical research, due to the difficulty of reconciling the measured
rates within the framework of the flowfield (see, for example, [21]).
In a ladder-climbing model, vibrational excitation occurs from the
ground state to higher energy states and, conversely, the deexcitation
from the higher energy states to the lower energy states and finally
back to the ground state, with the state-to-state transitions
occurring in single- or multiple quantum jumps. The excitation and
deexcitation phases proceed at different rates, with the result that the
vibrational manifold begins to build up its internal energy.
Dissociation takes place when the internal energy exceeds the
dissociation energy D0 (Fig. 1). When the rate of dissociation is
greater than the rate at which the internal energy builds up in the
vibrational manifold, vibrational population gets depleted. Although
depletion originates in the dissociating vibrational state, in order to
replenish the quanta in this energy state the depletion is coupled to
other energy states as well. Dissociation can occur from any or all of
the vibrational levels. However, for certain temperature ranges there
is a distinct vibrational bias to dissociation; a strong bias implies
dissociation takes place from the last level or any of the upper levels
and a weak bias indicates that dissociation is distributed over the
entire vibrational manifold. The present work shows the develop-
ment of weak and strong-bias models that allow us to examine bias
for different V-T rates and temperature conditions.

The motivation for the current study is the inadequacy of the
current modeling techniques used in the prediction of macroscopic
flow variables in hypersonic aerothermodynamics. Currently, the
popular modeling techniques of modeling vibrational relaxation
using the Landau andTeller [28] approach andmodeling dissociation
using the Park [22] two-temperature model are limited in the range of
applicability in hypersonic flow applications. Modeling the non-
equilibrium relaxation processes using the physics-based state-to-
state kinetics is a major advancement from current modeling
techniques with the promise of greater accuracy, reliability, and
wider range of applicability in the hypersonic regime. However,
these modeling techniques rely on the accuracy of the state kinetic
rates, which exist for just a few species in the multicomponent high-
temperature gaseous air mixture. The ability to couple state kinetic
rates with fluid dynamic equations to simulate high-Mach-number
flows for blunt-body flows is a considerable challenge, due to the
large system of partial differential equations to solve and the stiffness
associated with the source terms. The coupling of existing state
kinetic rates for vibration and dissociation with the fluid dynamic
equations to simulate a Mach 19 flow past a blunt body is performed
for the first time in the present study. The objective is to compare the
flowfields with different modeling techniques, to assess the
sensitivity to rate variations, and to understand the nonequilibrium
flow physics with different relaxation mechanisms. The long-term
goal is to have a proper understanding of the nonequilibrium physics
for developing reduced-order models for hypersonic real-gas
applications.

The objective of this investigation was to use a self-consistent set
of state-specific kinetic rates for dissociation and vibrational energy
transfer to examine the interplay of vibrational bias and depletion on
shock structure and standoff distance. Two sets of transfer rates are
sampled to focus on depletion at high temperatures. In both sets the
transfer is limited to single quantum transitions and V-V exchanges
are excluded. Given our objective and recognizing the uncertainty
in the scaling of multiple quantum rates, the neglect of multiple
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Fig. 1 Schematic showing various rates processes in the vibrational
states.
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quantumV-T is justified. At the elevated temperature considered, the
single quantum V-T transfer rate becomes gas kinetic, suggesting
that V-Vexchanges would have minor effects on flow variables. The
contribution of electronically excited states to the vibrational transfer
and dissociation reaction is also excluded on the basis that direct
impact excitation is improbable, even at these high temperatures, and
vibration-to-electronic (V-E) transfer from the ground state will still
be limited by the V-T exchanges in the ground electronic state,
creating a rate-limiting bottleneck. Rates associated with V-E
transfer and V-T, V-V, and dissociation coefficients in the excited
electronic states are uncertain. Therefore, in order tomaintain a focus
on the stated objective, excited electronic states have been omitted
from consideration. To bound the influence of the endothermic
nature of the dissociation reaction on themacroscopic characteristics
of the flow, recombination has been neglected. By considering the
two cases of dissociation (no recombination) and the net dissociation
of zero (dissociation and recombination in balance), the bound is
achieved.

As a first step toward coupling the full state kinetic dissociation
rates to theflow equations and assessing the effect of detailed kinetics
on the flow, the recombination process has been neglected in the
present study. Similarly, the role of excited electronic states, multiple
quantum jumps and the V-V energy transfers are neglected in the
present study for two reasons: 1) lack of reliable transition rates and
2) the additional complexity in coupling these rates processes to the
system of equations. The present paper presents high-Mach-number
flow simulations with dissociation modeled by 1) global non-
equilibrium dissociation rate and 2) state-specific dissociation rate.
To gain understanding of the competing effects of V-T and
dissociation rates a simplified depletion model was used for defining
a nonequilibrium global dissociation rate. The paper presents
hypersonic flowfield simulations of a Mach 19.83 nitrogen flow past
a hemisphere cylinder using the full state-to-state kinetic dissociation
model with 48 vibrational quantum states. The effect of thermo-
chemical nonequilibrium kinetics on shock standoff distance,
temperatures, mass concentrations, and nonequilibrium population
densities is examined.

II. Analysis

The global fluid dynamic conservation equations in mass-
averaged velocity form to simulate a blunt-body flow are presented in
this section. The inviscid Euler equations were coupled to the master
kinetic equations to describe a high-temperature hypersonic flow in
thermochemical nonequilibrium. The nonequilibrium state is
simulated for the V-T process and the dissociation process with
state kinetic rates:

@

@t
��v� � r � ��vu� � _!v v� 0; 1; . . . (1)

@

@t
��N� � r � ��Nu� � 0 (2)

@

@t
��u� � r � ��uu � p���� � 0 (3)

@

@t
��e� � r � ���e� p=��u� � 0 (4)

Equations (1–4) describe the conservation of mass, momentum and
energy in the flowfields of interest. Equation (1) is discussed further
in the following section. Equations (3) and (4) represent the
conservation of total momentum and energy, respectively. A
microscopic kinetic approach was taken by treating the molecule as
anharmonic oscillator, calculating the mass density in quantum level
v, �v, using the master equation.

A. Master-Equation Approach to Modeling Dissociation

The conservationEq. (1) iswritten for themass density in quantum
level v. The source term _!v derived from the vibrational master
equations is made up of the relevant energy exchange processes
consisting of the V-Tand dissociation processes. Themass density of
the molecular species is the sum of the corresponding state densities
in the vibrational levels:

��
Xn0
v�0

�v (5)

The symbolic equations governing the V-T transitions responsible
for populating or depopulating the vth vibrational level are

N 2�v� � N2 	 N2�v0� � N2 (6)

and the equations governing the dissociation process considering
dissociation to take place from any vibrational level:

N 2�v� �M	 2N�M (7)

The state-specific dissociation rate coefficients of N2–N2 and N2–N
collisions for this reaction were implemented via the master kinetic
equations. The kinetics of the particle exchanges among the quantum
states are simulated using the vibrational master equations, and the
population distributions are calculated with [23]

_!v �
1

M

�X
v0
�kVT�v0 ! v��v0�� kVT�v! v0��v��

� ��kvD�v! continuum��v�N2

� �kvD�continuum! v��N�N �
�

(8)

In the present calculations, the exchanges are restricted to single
quantum transitions as a first attempt to coupling state-specific
dissociation rates to the fluid dynamic equations. The V-T process is
associated with the rate coefficient kVT, where the molecule loses or
gains a vibrational quantum. The transfer rate from v0 to v for
colliding molecules is denoted by kVT�v0 ! v�, and the inverse
collision from v! v0 is denoted by kVT�v! v0�. The dissociation
rate coefficient kvD and �kvD are the state-specific rate coefficients for
N2–N2 and N2–N collisions, respectively.

For coupling the nonequilibrium kinetics with the fluid dynamic
equations, single quantum vibrational-transition rate coefficients for
V-T process are taken from the work of Adamovich and Rich [10],
and state-specific dissociation rate coefficients are taken form
Macheret and Adamovich [9]. A second set of V-T rate coefficients
calculated according to expressions proposed in [24] for V-T rate
coefficients of Capitelli et al. [7] and Billing and Fisher [8] were used
for the purpose of studying sensitivity to depletion; these expressions
[24] of V-T rate coefficients were not used to couple to the fluid
dynamic equations for the simulation of the flowfield. The vibra-
tional energy of the diatomic molecules N2, treated as anharmonic
oscillators, is given in terms of the quantum level energies by

evib �
Xn0
v�1

�v
�
�v (9)

where the index v enumerates the vibrational quantum level. In this
equation, �v=� is the fractional population of the vth vibrational
level, and �v is the quantum level energy given by the second-order
approximating formula:

�i
hc
� !e

�
i � 1

2

�
� xe

�
i� 1

2

�
2

i � 1; 2; . . . (10)

where h is Planck’s constant, c is the speed of light, �1 denotes
ground-state vibrational energy, �2 denotes first excited state, and so
on. The spectroscopic constants are given by [9],!e � 2359:6 cm�1,
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and xe � 6:1265 
 10�3.Whenn0 � 47, the value of energy exceeds
the N2 dissociation energy: 9.75353 eV.

B. Modeling of Nonequilibrium Dissociation Based on

Depletion Model

Vibrational population depletion due to dissociation was modeled
to account for the internal energy mode relaxation in dissociating
flows. This model was developed by Josyula and Bailey [25,26] and
Josyula et al. [27], where the V-T and V-V transition rates were
considered to study the effect of dissociation from the last level on the
population depletion in the vibrational states. To couple the depletion
model to the flow equations, the vibrational energy conservation
equation was solved in addition to the conservation of mass,
momentum, and energy equations. The V-T coupling in the
vibrational energy equation was modeled according to the Landau–
Teller form [28], with the interspecies relaxation time computed
using expressions developed by Millikan and White [29]. The
nonequilibrium dissociation rate, however, considered the compet-
ing time scales of the state-to-state kinetics of vibration with
dissociation, briefly described here.

C. Depletion Model

In their study of the kinetics of thermal dissociation, Osipov and
Stupochenko [3] showed that the vibrational population distribution
function is altered by the dissociation process. As equilibrium is
approached, a quasi-steady-state is achieved, and the populations
obtain a self-similar form. The dissociation losses from the vibra-
tionalmanifold tend to reduce thevibrational populations below their
equilibrium values, resulting in the lowering of the dissociation rate.
At equilibrium, there is no net gain or loss due to dissociation and
recombination; hence, there is no depletion of the population from
the vibrational manifold. It is convenient to divide the vibrational
relaxation in to two time regimes. Initially, over a time �VT a quasi-
steady distribution is established. Over a much longer time �diss, this
distribution approaches the equilibrium distribution, and the atoms
and molecular species concentrations then ultimately satisfy the law
of mass action. Here, we consider the evolution of the quasi-steady
distribution as it evolves in time toward the equilibrium distribution.
With �VT < t � �diss, two opposing factors characterize this state: V-
T trying to establish equilibrium and dissociation disrupting and
perturbing the distribution. To simplify the analysis in the present
study, dissociation is restricted to the last discrete vibrational level.

This section presents the kinetic equations describing the
dissociative-relaxation coupling, considering the balance equations
for the numbers of particles in each vibrational level [3]:

_�v �
X
v0
�kVT�v0 ! v��v0�N2

� kVT�v! v0��v�N2
�

� krv�2N�N2
� kdv�v�N2

v� 0; 1; . . . l (11)

1

2
_�N �

Xl
v�0

kdv�v�N2
�
Xl
v�0

krv�
2
N�N2

(12)

where �v is the mass density in level v, kv0!v and kv!v0 are the V-T
rate coefficients for vibrational transitions to occur from v0 ! v and
v! v0, kdv and krv are the rate constants for dissociation/
recombination in transition from/to vibrational state v to/from
continuum, �N is the density of nitrogen atoms resulting from
dissociation and�N2

is the number of collidingmolecules, and l is the
last discrete vibrational level of the molecule. Note that

Xl
v�0

�v � �N2

If we can define ’v to give the deviation of the quasi-steady
distribution from an equilibrium Boltzmann distribution, then the
mass density in vibrational state v is

�v�t� � ��0�v �1� ’v� (13)

The deviation of the population of level v from equilibrium is given

by ’v, which relates �v (the state mass density in level v) to ��0�v (the
state mass density in level v at equilibrium). It is seen that when
’v < 0, the level population decreases relative to the equilibrium
population. The deviation coefficient ’v in the simplest case of single
quantum energy transitions and dissociation only from the last
discrete vibrational level is given by

’v �
_N2

�N�N2

Xv
i�1

1

ki�1;i�i�1

�Xi�1
j�0

�j

�
� ’0 (14)

where _N2 is the global rate of the dissociation reaction. The unknown
’0 term, which gives the deviation for the first discrete vibrational
level, is determined from the normalization condition for Eq. (13)
given by

Xl
v�0

��0�v ’v � 0

From this condition, it follows that

� ’0 �
1

�N2

Xl
v�1

��0�v ~’v (15)

where ~’v � ’v � ’0. The �v term is given by

�v �
e
��v
kTP

l
v�0 e

��
v0
kT

(16)

See [25,30] for more detailed treatment of the depletion model. To
assess the sensitivity of depletion to different V-T rates, depletion
factors ’v are presented in Eq. (13) for two sets of V-T rate
coefficients for a wide range of temperatures.

D. Weak- and Strong-Bias Model Development

As mentioned earlier, dissociation can occur primarily from the
higher energy states, herein termed as the strong-bias model, or from
the lower energy states, termed as the weak-bias model. The two
bounds of strong-bias and weak-bias models were developed con-
sidering the energy in the vibrational quantum states of the
dissociating diatomic molecule to help identify the primary quantum
levels contributing to dissociation across a wide temperature range.
Dissociation in the strong-bias model is assumed to take place only
from the last bound state, whereas for the weak-bias model all
quantum states contribute. The dissociation rate of the strong-bias
model can be written as

nv�kv�!continuum (17)

where nv� is the vibrational population in the last state and
k
v�!continuum is the dissociation rate from the last vibrational state.
The weak-bias model, in contrast to the previous model, assumes

dissociation to proceed from all the states, viz., n0k0!continuum,
n1k1!continuum, n2k2!continuum, and so on, to
nv�kv�!continuum.

To facilitate a comparison of the global rate of dissociation under
different conditions of vibrational bias, it is useful to define an
effective dissociation rate kdeff �T; Tv�, where

kdeff �T; Tv�Ntot 

Xv�
v�0

kdvnv (18)

and kdv is the dissociation coefficient from vibrational state v and is
assumed to be a function of T only. By expressing the functional
dependence of the population in each vibrational state in terms of a
vibrational temperature,
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nv �
Ntot exp

�
��v
kTv

�
Zvib

(19)

where Zvib is the vibrational partition function, �v is the vibrational
energy in the quantum level v, k is the Boltzmann constant,Ntot is the
total number density, and Tv is the vibrational temperature. One can
express the kdeff �T; Tv� for the strong-bias and weak-bias models in
terms of the equilibrium coefficient kd�T�. In equilibrium,

kdeq �T� �
Xv�
v�0

kdv
nveq
Ntot

�
Xv�
v�0

kdv
exp���v=kT�
Zvib�T�

(20)

For the strong-bias model,

kdeff �T; Tv� � kdv�
nv�

Ntot

� kdeq �T�
nv�

nveq

� kdeq �T� exp
�
�v

�
1

T
� 1

Tv

��
Zvib�T�
Zvib�Tv�

(21)

A simple weak-bias model may be constructed by assuming that

kdv � k0�T� exp���D� �v�=T� (22)

where the value of k0 is established by requiring consistencywith the
equilibrium rate coefficient:

k0�T� � Zvib�T�kdeq �T�
exp�D=kT�
�v� � 1� (23)

Substitution for kdv yields the following for this weak-bias form:

kdeff �T; Tv� �
kdeq �T�
�v� � 1�

Zvib�T�
Zvib�Tv�

Ntot

Xv�
v�0

exp

�
�v

�
1

T
� 1

Tv

��
(24)

The state-specific dissociation rates compete with the V-V and V-T
rates and the state populations are depleted in the excitation phase.
The current paper shows the nonequilibrium dissociation rate
coefficients for the bounds of strong andweak biases for dissociation
in a heat bath with temperatures of 5000, 10,000, and 20,000 K.
These bounds of strong- and weak-bias dissociation rate coefficients
are compared with available experimental fits in [9] to identify the
trends in vibrational bias at different temperatures.

E. State-Specific Vibrational and Dissociation Kinetics

Consider diatomicmolecules AB collidingwith atomsM,with the
consequence of the vibrational energy state of themolecule changing
from i to f:

AB�i� �M! AB�f� �M (25)

The state-specific V-T and dissociation rate coefficients were
generated from the energy-transfer probabilities from the non-
perturbative FHO-based model using a three-dimensional semi-
classical analytic model of vibrational energy transfer, given by
Adamovich and Rich [10]. The model is based on the analysis of
classical trajectories of a free-rotating molecule acted upon by a
superposition of repulsive exponential atom-to-atom potentials. The
energy-transfer probabilities from this model achieved good
agreement with the results of three-dimensional close-coupled
semiclassical trajectory calculations using the same potential energy
surface.

The probability of the collision process for the FHO consists of
exerting a perturbing force on the assumedharmonic oscillatormodel
of the molecule and is written as (see, for example, [10])

PVRT�i! f;Q�

� i!f!Qi�f exp��Q�X
				
Xn
r�0

��1�r
r!�i� 1�!�f � r�!

1

Qr

				
2

(26)

where subscript VRT denotes vibration–rotation–translation energy
transfer, n�min�i; f�, and Q� ��E=ℏ!� is the dimensionless
energy transferred to the initially nonvibrating classical oscillator in
an AB–M collision.

The total probability of collisional dissociation from vibrational
level i is therefore a sum over all final dissociative vibrational levels:

Pdiss�i� �
X
Ef�D

PVRT�i! f� (27)

Improvements to the FHO model discussed in [10,31] include
symmetrization of the collision velocity to enforce detailed
balancing, accounting for anharmonicity of the oscillator potential
curve using an average frequency, generalization for vibration–
vibration–translation transitions (both nonresonant and between
different species) and generalizations of the FHO model to
noncollinear collisions.

The state-specific rate coefficients based on the FHO-based
dissociation model and from the semiclassical theory of dissociation
developed byMacheret and Adamovich [9] give the dissociation rate
as

kdiss�v; T� �
�
8kT

�m

�
0:5
Z 1
0

�diss�v; U; T� exp
�
�U
T

�
d

�
U

T

�
(28)

where the expression for the dissociation cross section assuming
free-rotation approximation of diatom–atom collision is

�diss�i; E; T�

� �R2
m

�
E

T

�
2 1

�2

Z
1

0

dy

Z
1

0

d�

Z
�

0

d#

Z
�

0

d’
X
f

Pif�E; �; #; ’; y�

(29)

and for the diatom–diatom collision is

�diss�i; E; T� � �R2
m

�
E

T

�
3 1
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In the above, �,#, and’ are the fractional rotational energy, rotational
angle, and angular momentum vector, respectively; E is the total
collision energy; U is the potential energy for the 3-D molecule–
molecule collisions; Pif is the probability of the transition process; y
is a function of the impact parameter;Rm is the hard-sphere diameter;
i is the index of the initial vibrational quantum level; and v is the
index of the quantum level. The above equations were derived by
evaluating the probabilities of vibrational transitions including
dissociation by determining a potential energy surface and then
integrating the classical equations of motion for the system (see
[4,5,9]).

A Monte Carlo integration was performed to solve Eqs. (29) and
(31), details of which are given in [4,5]. The multidimensional
Monte Carlo integration was implemented by repeated subroutine
calls to a one-dimensional random number generator by using a
different seed each time. The primary reason is to avoid any hidden
intrinsic correlations in the phase space. Thus, each subroutine call
returns a randomvalue for use as a givenparameter of the phase space
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and also returns a random seed for the random generation of the next
parameter. Thus, a parameter phase-space point of eight or more
dimensions is created. The process is continued to generate the next
phase-space point. In the present study, a database of dissociation
rate coefficients for N2–N2 and N2–N collisions was generated for
temperatures up to 25,000 K by performing the Monte Carlo
integrations.

III. Conditions of Numerical Simulation

A Mach 19.83 nitrogen flow past a hemisphere cylinder was
considered in this study. The maximum shock temperature was
21,000 K and the dissociation reaction for the nitrogen molecule
considered was

N 2 �M	 2N�M (31)

The radius of the hemispherewas 0.1524m. Freestream pressure and
temperature were 27 Pa and 300 K, respectively. Four different
approaches to modeling dissociation were considered. The first
approach, which is themost rigorous, incorporates FHO-based state-
specific V-T rate coefficients [10] and dissociation rate coefficients
[9] into a solution of the master kinetic equations coupled to the fluid
dynamic equations (1–4). The master kinetic equations consisted of
state-specific vibration and dissociation rates in 48 vibrational
quantum levels. As a first step toward implementation of the full state
kinetic dissociation rates into the fluid dynamics equations, the
recombination process was neglected.

The second approach implements the nonequilibrium depletion
factor based on FHO-based V-T state kinetic rates to define the
nonequilibrium dissociation rate; an earlier section on the depletion
model provides information on the derivation of the depletion factor.

The third approach does not allow dissociation to occur, but
considers only the exchanges in the vibrational–translational energy.
Here, the FHO-based state-specific V-T rate coefficients are used.

The fourth approach, for reference purposes, uses the Landau–
Teller [28] form of modeling V-T energy transfers and the Park two-
temperature model [22] for dissociation. Table 1 summarizes these
four modeling approaches and their corresponding wall-clock times.

The numerical algorithm employed to solve the coupled set of
equations is the Roe flux difference method with entropy correction
used in [23]. An explicit predictor–corrector method is used to
advance the solution in time. The numerical computation of the most
rigorous model of the full dissociation takes a considerably longer
time than the simplified models (Table 1), due to the numerical
stiffness associated with the source terms of Eq. (1).

IV. Results and Discussion

Results are presented in two sections. The first section presents the
state-specific V-T and dissociation rates and the comparison with
global equilibrium rates. Also shown in this section are the sensitivity
of V-T rates on depletion and the effect of V-T rates on vibrational
bias for dissociation temperatures up to 25,000K.The second section
shows the effect of coupling the nonequilibrium vibration and
dissociation kinetics with a Mach 19.83 nitrogen flow past a blunt
body.

A. Depletion Factors and Vibrational Bias in Dissociation

Figures 2 and 3 depict the state-specific dissociation rate coef-
ficients of N2–N2 andN2–N collisions, respectively, at temperatures
of 6100, 10,000, 15,100, 21,100, and 25,300 K, calculated with the
FHO-based dissociation model of Macheret and Adamovich [9]. At
all temperatures considered, the rate coefficient is highest in the
upper vibrational levels. The rate coefficients in the upper states for
N2–N collisions are similar in magnitude to those of N2–N2

collisions. In the lower energy states, however, the rate coefficients
for N2–N are a few orders of magnitude less than the corresponding
rate coefficients for N2–N2 collisions across the range of
temperatures (6100 to 25,300 K) considered. Figures 4 shows the
equilibrium global dissociation rate coefficient calculated from the
state-specific dissociation rate coefficients of N2–N2 collisions,

Table 1 Approaches to computational modeling

Modela Vibration Dissociation Clock timeb

Full dissociation State-specific 48 levels (FHO-based) State-specific 48 levels (FHO-based) 72 h
Vibration–dissociation coupling
with depletion model

Landau–Teller [28] (Millikan–White [29]
relaxation times)

Depletion factors derived from state-specific
48 levels (FHO-based)

5 min

No dissociation State-specific 48 levels (FHO-based) None 4 h
Park [22] dissociation (for reference) Landau–Teller [28] (Millikan–White [29]

relaxation times)
Geometric mean T, Tv 5 min

aComputation times for full-dissociation model and no-dissociation models include dynamic state-to-state calculations of V-T rate coefficients. State-specific
dissociation rate coefficients for the full-dissociation model is implemented as table lookup.
bWall-clock time is based on computations of Mach 19.83 flow past a 2-D/axisymmetric blunt body on a 3.2 GHz quad-core Intel Xeon processor.
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compared with those from [32]. The global rate coefficient for
dissociation was obtained by

kd�global� �
XN2�v�kd�v�

N2

(32)

It is seen that the equilibrium global dissociation rate coefficients are
similar to [32], but lower by a factor ranging from 2 to 10.

Figure 5 depicts the variation in V-T deexcitation rate coefficients
from 1) Adamovich and Rich [10] and 2) expressions proposed in
[24] for rate coefficients of Billing and Fisher [8] and Capitelli et al.
[7]. At the lower temperatures of 1000 and 5000 K (Fig. 5a), the rate
coefficients from the two sources have small differences. At higher
temperatures, however, the Billing and Fisher [8] and Capitelli et al.
[7] rate coefficients (shown at temperatures of 15,000 and 20,000 K
in Fig. 5b) are orders ofmagnitude higher and clearly show an out-of-
range error in the curve-fit expressions [24] intended to obtain these
rate coefficients. Described next is the effect of these two sets of V-T
rate coefficients on the amount of vibrational population depletion
occurring under dissociating temperatures for nitrogen.

A model to calculate a factor for depletion of vibrational
population due to dissociation from the last level was presented in
[25,30]. The factor presented as a ratio of the nonequilibrium-to-
equilibrium dissociation rate finds use as a vibration–dissociation
couplingmodel in hypersonic codes. This factor gives insight into the
role of the relative time scales of vibrational relaxation and
dissociation for a range of temperatures typically encountered in

shock-layer flows. Figure 6 shows the dissociation reduction factor
from an equilibrium dissociation rate.

The reduction factor is obtained for the two sets of V-T rate
coefficients given by 1) curve-fit expression [24] of Billing and
Fisher [8] and Capitelli et al. [7] and 2) Adamovich and Rich [10].
Both sets of V-T rates show high depletion at temperatures below
10,000 K. However, above 10,000 K, where dissociation is expected
to be high, the depletion curve with V-T rate coefficients from the
curve-fit expression [24] of Billing and Fisher [8] and Capitelli et al.
[7] V-T rates approaches 1 at 15,000K,meaning that there is nomore
depletion at this temperature. The out-of-range error is not
unexpected and the goal of the present study is to study the sensitivity
of the depletion factor to the aforementioned curve-fit expressions.
For temperatures higher than 15,000 K, the rate coefficients from the
curve-fit expression of Billing and Fisher [8] and Capitelli et al. [7].
V-T rate coefficients do not cause further depletion to occur;
however, the FHO-based V-T rate coefficients from Adamovich and
Rich [10] cause large population depletion at temperatures beyond
15,000 K. At the highest temperature of 25,000 K shown, the
dissociation reduction factor from its equilibrium rate using the V-T
rate coefficients of Adamovich and Rich is 18.

Figure 7 shows the ratio of nonequilibrium-to-equilibrium
population density obtained from the two sets of V-T rate coefficients
1) from curve-fit expression [24] of V-T rate coefficients of Billing
and Fisher [8] and Capitelli et al. [7] and 2) Adamovich and Rich
[10]) at various temperatures, the effect of depletion in the vibrational
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manifold due to all of the dissociation occurring only from the last
level. At the lower temperatures of 2000 and 5000K (Fig. 7a) the two
sets of rates depict similar depletion effects occurring in the upper
levels from 37 to 48. However, dissociation in nitrogen at these lower
temperatures is expected to be small. At a temperature of 10,000 K
(Fig. 7b) the depletion from both sets of V-T rates begins in the
intermediate level 19 and increases to the last level of 48. At this
temperature, the ratio of population density of the nonequilibrium to
equilibrium is lower for the V-T rate coefficients from the curve-fit
expression of Billing and Fisher [8] and Capitelli et al. [7] V-T rate
coefficients. At 15,000 K (Fig. 7c) there is insignificant depletion for
the Billing and Fisher [8] and Capitelli et al. [7] V-T rate coefficients,
but there is considerable depletion in the upper levels from the
Adamovich and Rich [10] V-T rate coefficients. For the highest
temperature of 25,000 K shown in Fig. 7d, there is significant
depletion in the upper levels (the depletion curve for V-T rate
coefficients from the curve-fit expression of Billing and Fisher [8]
and Capitelli et al. [7] V-T rate coefficients is not shown, due to
depletion being insignificant). The effect of these differences in the
magnitude of depletion due to different V-T rate coefficients will be
shown later on the blunt-body shock standoff distance.

The results of the vibrational bias model for the gas temperatures
of 5000, 10,000, and 20,000K in a heat bath is shown in Fig. 8. These
temperatures are representative of the shock wave flow to be
discussed next. Recall from an earlier section that the strong-bias
model considers dissociation from the last level only, whereas the
weak-bias model contributes to the global dissociation rate with
equal probability from any vibrational levels. The calculated two-
temperature dissociation rate constant kdeff �T; Tv� is for the case of a
nitrogen bath at the various gas temperatures. The comparison of
different biases yield large differences at vibrational temperatures far

from equilibrium. At T � Tv, the rate coefficients of strong-bias
model are several orders of magnitude lower than those of the weak-
bias model. At gas temperatures of T � 5000 and 10,000 K, the
strong-bias model yields comparable rate constants with the
experimental fit (taken from [9]) than the weak-bias model. At
T � 20; 000 K, however, the weak-bias model has a better match
with the experimental data. These results lead to a better
understanding of the effect of bias due to the inclusion of distributed
dissociation (as in the full state-specific dissociation model) to be
described next.

B. Vibration and Dissociation Kinetics on a Mach 19.83 Flow

Past a Body

High-Mach-number blunt-body flow solutions were investigated
to assess the effects of the state-specific dissociation rates on the
thermochemical relaxation phenomenon. The state-specific vibra-
tion and dissociation rate constants implemented via the master
kinetic equations were coupled to the fluid dynamic equations, and
results are presented for translational and first-level vibrational
temperatures, mass fractions, and populations distributions in the
shock layer of the blunt-body flowfield.

Figures 9 and 10 show comparisons of the translational
temperature contours of the full-dissociation model with 1) Park [22]
two-temperature dissociation model and 2) the depletion model. The
primary differences seen in the contours between the three models
are discussed for the temperature profiles along the stagnation
streamline in Figs. 11 and 12. Figures 11 and 12 show the
translational and first-level vibrational temperatures variation along
the stagnation streamline for different cases considered in the study:
1) the full-dissociation model with state-specific FHO-based V-T
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[10] and dissociation rates [9]; 2) Landau–Teller vibrational
relaxation model [28] with the two-temperature Park dissociation
model [22]; 3) state-specific FHO-based V-T rates [10] without
dissociation; and 4) Landau–Teller [28] vibrational relaxation model
[28]with dissociation simulated by the depletionmodelwith two sets
of state-specific V-T rate constants, curve-fit expression [24] of
Billing and Fisher [8], Capitelli et al. [7], and Adamovich and Rich
[10]. See Table 1 for a summary of the modeling approaches.

The comparison of translational temperatures given by the full-
dissociation model with the simplified Landau–Teller [28] vibration

model with Millikan and White [29] relaxation times and Park [22]
two-temperature dissociation rates is shown in Figs. 11a. The
simplified model shows a much greater dissociation than the full-
dissociation model, resulting in a much smaller shock standoff
distance. The shock standoff distance by the simplifiedmodel is 24%
less than the full-dissociation model.

Figure 11b shows the translational temperature predicted by the
full-dissociation model compared with the no-dissociation case with
vibrational exchanges occurring with the state-specific V-T rate
coefficients from the FHO-based model of Adamovich and Rich
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Fig. 9 Translational temperature contours comparing full-dissociation

model with Park [22] dissociation model.

Fig. 10 Translational temperature contours comparing full-dissocia-
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[10]. Since dissociation is endothermic, there is reduction in shock
standoff distance and a lowering of temperature in the shock layer,
with the temperatures approaching equilibrium conditions (see also
Fig. 12) as the flow stagnates at the body.

Figures 11c shows translational temperature along the stagnation
streamline of the full-dissociation model compared with those of the
depletion model. shock standoff distance predicted by the depletion
model with the state-specific V-T rates of FHO-based model of
Adamovich and Rich [10] matches that of the full-dissociation
model; however, higher temperatures are predicted in the shock layer
compared with the full-dissociation case, due to high depletion at the
shock-layer temperatures. The depletion model with V-T rate
coefficients in the curve-fit expression [24] of Billing and Fisher [8]
and Capitelli et al. [7] V-T rate coefficients predicts a much lower
shock standoff distance compared with the full-dissociation model
and the depletion model with FHO-based Adamovich and Rich [10]
V-T rate coefficients. The high V-T rates from the curve-fit of the
Billing and Fisher [8] and Capitelli et al. [7] V-T rates at the shock
temperatures (Fig. 5), and the consequent reduction in depletion
(Figs. 6 and 7) is attributed to the lowering of the shock standoff
distance by 18%, compared with that of the full-dissociation case.

The first-level vibrational temperatures for the full-dissociation
model and the Landau–Teller [28] vibration model with Park [22]
dissociation model shown in Fig. 12a are related to the translational
temperature discussed in Fig. 11a, as a consequence of V-T energy
exchanges; the greater peak translational temperature for the full-
dissociation case has a corresponding reduced peak first-level
vibrational temperature but a greater shock standoff distance. The
first-level vibrational temperature for the no-dissociation case

(Fig. 12b) is higher than for the full-dissociation case, as expected.
The first-level vibrational temperatures for the full-dissociation case
and the depletion cases show large variations with each other
(Fig. 12c), similar to the translational temperature variations; the
vibrational temperature predicted by the depletion model with FHO-
based V-T rates is the highest, indicating the least amount of
population depletion in the vibrational levels.

Figure 13 shows themass fraction of diatomic and atomic nitrogen
along the stagnation streamline for the three cases considered in this
study. The full-dissociation model predicts a lower mass fraction of
diatomic nitrogen than the depletion model. The high degree of
dissociation by the Park [22] two-temperature dissociation model is
evident by the sharp reduction in mass concentration of diatomic
nitrogen in the shock layer.

The implementation of state-specific dissociation rate coefficients
coupled to fluid dynamic equations allows us to assess the effect of
vibrational bias on dissociation for the givenMach 19.83 blunt-body
flowfield. The state-specific vibration and dissociation frequencies
given by the product of their respective population densities and rate
coefficients are shown in Figs. 14 and 15, respectively. The figures
show the frequencywith respect to the vibrational quantum levels for
four different translational temperatures along the stagnation
streamline: the lowest temperature near the body and the highest near
the shock wave. The populations shown are for both real (non-
equilibrium in the flowfield) and equilibrium populations to assess
the deviation of the nonequilibrium population in the Mach 19.83
flowfield from its equilibrium value.

Figure 14 shows the state-specific vibrational frequency for the
shock-layer temperatures for V-T energy exchanges, but in the
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absence of dissociation to assess the effect of vibrational bias and
depletion. The shock-layer temperatures in the absence of
dissociation vary from 18,942 K near the body to 23,303 K near
the shockwave. Note that at the lower temperature of T � 18; 942 K

in the stagnation region (Fig. 14a), the nonequilibrium rate is closer
to the equilibrium rate along most of the quantum levels. However,
with increase in translational temperatures in the shock layer
(Figs. 14b–14d), the difference between the nonequilibrium rate of
the Mach 19.83 flow and the equilibrium rate increases, with the
peaks lying under v� 10. The difference is attributed to the inability
to populate the higher vibrational levels with increase in temperature
along the stagnation streamline for this high-Mach-number flow.

Figure 15 shows similar effects as above, but for the case where
there is dissociation from all the vibrational quantum levels. Because
of dissociation, the shock-layer temperatures are lower than the
above and are between 9000 to 21,000 K along the stagnation
streamline, with the highest temperature in the postshock region and
the lowest temperature near the body. The product of population
densities and dissociation rate coefficients is normalized for the
equilibrium and nonequilibrium (Mach 19.83 flow simulation) with
their respective highest (peak) values. Note that at all the
temperatures in the shock layer, the equilibrium population shows a
strong bias to dissociation; however, the nonequilibrium rates are
such that dissociation primarily occurs from the lower energy states
(weak bias); the peak contribution from v� 26 at the lower
temperature ofT � 9479 K in the stagnation region, and v� 1 at the
highest temperature of 21,426 K near the shock wave. The
contribution of the lower energy levels to dissociation is attributed to
the partial heating of the vibrational manifold due to V-T energy
exchanges. It is concluded that the full dissociation for the
Mach 19.83 flow favors a weak vibrational bias, with dissociation
occurring primarily from low-to-intermediate vibrational quantum
levels. This observation is consistent with the favoring of aweak bias
at the high temperature given by the experimental fit in Fig. 8.
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The above-mentioned observations are further supported by the
population distributions in the shock layer for Mach 19.83 flow with
and without dissociation in Figs. 16 and 17, respectively. The case of
no dissociation shown in Fig. 16 depicts Boltzmann distributions at
the two locations in the shock layer: the postshock (T � 23; 303 K)
and near the body (T � 18; 942 K). The population distribution for
theMach 19.83 flowwith full dissociation is shown in Fig. 17. At the
two locations, one in the postshock (T � 9479 K) and the other near
the stagnation point (T � 21; 426 K), it is seen (Fig. 17) that the
population distributions are highly non-Boltzmann and there is
greatly reduced population with increase in vibrational quantum
levels, due to the partial heating of the vibrational manifold
mentioned earlier. The close-up inset figures show the detail near the
ground-state energy. The population reduction in the upper levels
(Fig. 17) is far greater than can be attributed to depletion; the
depletion factor (nonequilibrium dissociation reduction factor from
its equilibrium rate) is 300 at T � 10; 000 K (see Fig. 6).

V. Conclusions

State-specific vibration and dissociation rate coefficients were
incorporated into a solution of the master kinetic equations coupled
to fluid dynamic equations to perform computational simulation of a

Mach 19.83 nitrogen flow past a hemisphere cylinder. The state-
specific dissociation rate coefficients of N2–N2 collisions and N2–N
collisions in 48 vibrational quantum levels based on the semi-
classical theory were taken from the literature. A set of global
dissociation rate coefficients based on the state-specific rate
coefficients were compared with those available in the literature.
The global dissociation rate coefficient was a factor of 2–10 lower.

The sensitivity studies on the effect of two different sets ofV-T rate
coefficients on population depletion in nitrogen dissociation showed
that the FHO-based rates cause high depletion in the temperature
range of 15,000 to 25,000 K, whereas the depletion with curve-fit
expression of Billing and Fisher [8] and Capitelli et al. [7] V-T rate
coefficients was negligible beyond 15,000 K.

AMach 19.83 flow past a hemisphere cylinder was simulated with
three different dissociation models: 1) the solution of the master
kinetic equations using state-specific vibration and dissociation,
2) the depletion model based on detailed vibrational kinetics, and
3) the Landau–Teller [28] vibrational relaxation and Park [22] two-
temperature dissociation model. The shock standoff distance of the
Park model differs from the full-dissociation model by 24%. The
shock standoff distance predicted by the depletionmodel usingFHO-
based V-T rate coefficients matched that of the full-dissociation case;
however, the depletion model is derived with the assumption that the
flow residence time is much longer than the relaxation time, which
might make it invalid in nonequilibrium flow regimes where the
residence times are small.

Coupling the state-to-state vibration and dissociation kinetics with
the Mach 19.83 blunt-body flowfield revealed that the low-to-
intermediate vibrational levels were the primary contributors to the
global dissociation. This observation is consistent with the experi-
mental fits supporting a weak vibrational bias to dissociation.
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